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1. Introduction 

The goal of the present article is to revisit and add to pair of papers from the 
mid 1990s which have since received little attention. The papers [CJSS] and [DaP] 
both explored the idea of non-relativistic free particles in a slightly noncommutative 
space. The former found only the first order effect of deforming a three dimensional 
space, and only explored the free particle. The latter further deformed the time 
coordinate and explored not only a free particle in nonrelativistic quantum mechan- 
ics, but also explored the Klein-Gordon equation as well as the Dirac equation in 
similar situations. It seems the deformation used for these papers was not popular 
because it failed to obey a symmetry of SO q (3) in the case of [CJSS] and SO q (3, 1) 
in the case of [DaP]. Several different deformations have since replaced these and 
their use is much more widespread (cf [KS]). In this article we wish to take the 
calculations further, to the second order, in which a more peculiar phenomenon 
occurs. Furthermore we wish to exhibit the fact that the algebra in question does 
obey a quantum group symmetry, but one of Sp q (6) rather than that of SO q (3). 



2. Preliminaries on the Quantum Weyl Algebra 

The quantum Weyl algebra as it is now so called was first seen explicitly in 
[WZ]. It is now given as a covariant differential calculus on 0(C^) named A q (N) 
generated by {Xj,dj\i,j = 1, . . . N} with the following relations: 
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(2.0.1) XiXj = qXjXi, i<j, 

didj = q^djdi, i < j, 

diXj = qXjdi, i^j, 

d i X i -q 2 X i d i = l + {q 2 -l^Xjdj. 

j>i 

2.1. Quantum Symmetries. In both [CJSS] and [DaP] similar comments are 
made on the fact that A q (3) does not obey SO q (3) symmetry. It requires very lit- 
tle to see that these statements are indeed valid. Fortunately, the subsets {Xi\i = 
1, . . . , N} and {di\i — 1, . . . , N} obey GL q {N) and GL q -i (N) symmetries respec- 
tively. If one dives into the literature ever so slightly deeper, one can find the pre- 
sentation of [KS] in §12.3.3 exhibiting A q (N) as a left quantum space of Sp q (2N). 

For much of this article we shall only be concerned with N — 3 and so we will 
now give a brief synopsis of how Sp q (6) acts on A q (3). 

Let us redefine the elements of A q (3) as {yi\i = 1, . . . , 6} where 

(2.1.1) yi = aqd 3 , y 2 = aq 2 d 2 , J/3 = aq 3 di, 

Vi = X 1 , y 5 = X 2 , y 6 = X 3 , 

where a e C x . 

Proposition 1. Let R = {R k \) be the R-matrix and C = (Cj) the metric for 
Sp q (6). Then the generators {X±, X 2 , X3, d±, d 2 , d 3 } satisfy the relations for A q (3) 
if and only if 

6 

(2.1.2) ^^«-TO-a9" 3 q=0, i,j = l,...,6. 

k,i 

The i?-matrix and metric are given explicitly in [KS] §9.3. The proof of this 
proposition is essentially a direct calculation and verification that the above equa- 
tion reduces to 

(2.1.3) Vi-jVj ~ q^ 2 V]Vi-j = -q^^aiq- 2 - 1) ^ g fe_J 'yuVi-k- 

k<j 

2.2. A Concrete Realization of A q (3). Since we shall only be working within 
a three dimensional system, for the remainder of this paper we will adopt the 
notations that capital letters (X, Y, Z) will represent noncommutativc coordinates 
and lower case letters (x, y, z) will represent commutative coordinates. Furthermore 
we will also use Xi — X, X 2 = Y, X 3 = Z as well as x\ = x, x 2 = y, x 3 = z and use 
the two interchangeably when convenient. 

Define the following quantities 

(2.2.1) 

M k>j 



Mj 



= e 



k>j 

J g 2(M 3 +l)_ 1 -y 1 / 2 

:= \(g2-l)(M J + l)/ 



THE SECOND ORDER. EFFECT OF THE QUANTUM WEYL ALGEBRA ON A FREE PARTICLE3 



Here we restrict to 9 £ R. We also note that in [CJSS] and [DaP] the operators Mj 
are written as Nj. However in this paper, as a manner of avoiding confusion, we 
shall use Mj since Nj generally represent number operators in quantum mechanics. 

In this scenario wc now may write our noncommutative coordinate system ex- 
plicitly as 

(2.2.2) Xj = Xjt3 jq Mk >\ 

(2.2.3) d Xj = q Mk> ^jd Xj . 
Expanding this for the sake of clarity we see 

(2.2.4) X = xfcq MM , Y = yf3 2 q M *, Z = zfo, 

(2.2.5) d x =q MM p 1 d x , dy= 9 M '^dy, d z = Mz- 

It is a relatively easy computation to verify that these operators satisfy the 
relations of our algebra A q (3). 

3. Slightly Noncommutative Space 

The pair of papers from which the inspiration for this work was derived looked 
at the algebra A q (3) from a physical point of view by considering what happens 
when 9 2 ~ 0. In this case the noncommutative parameter becomes q — 1 + iO. The 
commutation relations are made generally simpler, but it creates some interesting 
physical interpretations of a noncommutative space. Given that 9 « 1 we shall 
call our new space a slightly noncommutative space or SNCS. 

Remark 2. In [DaP] the deformation involved time as well as the three spatial 
dimensions and therefore the new algebraic system with q = 1 + i9 is called a 
noncommutative space-time (SNCST). 

In this case we shall look for the second order effect. For the sake of mathematics, 
we shall not say 9 3 = 0, but simply ignore the effects of terms involving powers of 
9 3 . Including more and more powers should yield the same results when the higher 
terms are ignored, but the actual calculation is highly more laborious. 

Let us begin by looking at the second order expansion of the j3j . Recall 

f q 2(M j +l)_ 1 j q 2(x j d j +l)_ 1 |V2 

Pj = \(q 2 -l)(Mj + l)f = l(^_l )( ^- + l) j ' 

Tackling the second order expansion of this is best done by expanding the de- 
nominator first. We will have several terms involving powers of theta for which 
me must compensate in the numerator. For this reason it shall appear as if the 
numerator carries a power of 9 3 , however this will be cancelled, and we will be left 
with a 9 2 as the highest power. 

Thus we have in the denominator 

(q 2 - l)(Mj + 1) w (1 + 2i9 + ^(2i9) 2 - l)(Mj + 1) = 2i6(Mj + 1)(1 + iff). 
In the numerator 

5 2(M,+i) _ 1 M 1 + 2ie{Mj + 1) + \{2i6{Mj + l)) 2 + \{2i6{Mj + l)) 3 - 1 

= 2iO(Mj + 1)(1 + i9(Mj + 1) - \e 2 {Mj + l) 2 ). 
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Now we cancel the overall factor of 2i8(Mj + 1) and have 
(3.0.6) ft : 



1 + i6(M 3 + 1) - \8 2 (M 3 + l) 2 "» 1/2 



1 + 

From here, we employ the power series representations of 

1 



1-t 

and 



l + t + r + 0(F) 



q M «>ml + i6M k>3 --e 2 Ml >3 . 



VT+t w i + \t - \t 2 + o(t 3 ) 

to arrive at the overall second order approximation of ft as 

(3.0.7) ft « 1 - ifl 2 + \i6x 3 d Xj \e 2 x 3 d Xj ^0 2 x 2 d 2 Xj . 

The approximation of q Mk >i is nearly trivial. We have 

1 

2< 

To obtain our SNCS coordinates is now simply a matter of multiplication and 
bookkeeping. 

4. The Second Order Effect on a Free Particle 

Up until now we have not explored the idea of making a quantum mechanical 
system out of our algebra or out SNCS. The procedure adopted by both [CJSS] 
and [DaP] is to simply say we map a Hamiltonian in commutative coordinates into 
a Hamiltonian in noncommutative coordinates by a simple procedure which looks 
as follows: 



(4.0.8) x 3 i y X 3 , 

d Xj ^ 8 Xj , 

H(p Xj ,x 3 ) ^ H(P X] ,X 3 ). 

Given this procedure, we now write the noncommutative Hamiltonian of a free 
particle as 

(4.0.9) H = P 2 X + Py + Pi- 

In this new context, the equation we wish to solve is 
(4.0.10) ^ = _L(p| + p2 +p |^ 

It is not known whether or not this system has a general solution which is 
unique. The most natural thing one can attempt in this scenario is successive 
approximations with higher order terms. The mathematics which follows requires 
some trickery and is at first seemingly unnatural. In the calculation of the effect 
of this system on a free particle [CJSS] and [DaP] assume the solution of a slowly 
varying free particle. That is 

(4.0.11) * = 4>{r)e t{k - r - ut) 
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where r — (x,y,z) the radial vector, k = (fci, k 2 , k 3 ) the wave vector, and phi a 
slowly varying function. That is 

\(i/4)d Xi (f>\ «\kj\. 

The assumption on is a purely physical one. For mathematical purposes we 
may approach the calculations as if </> = 1. The assumption of the solution of a free 
particle is also a physical one. Perhaps a better physical intuition is assuming that 
we start in the standard quantum mechanical setting of 

iHdt$ = 7^(pl + P 2 y + pI)v 

And assuming that we have such an experimental set up in which we may slowly 
change the physical setting. In this way we will (in theory) observe the effects on 
our particle. In this scenario we shall expand our operator P Xj to the second order 
and let them hit the assumed solution. The way in which we collect terms is to 
leave p Xj alone, and let all the operators hit the wave function so that we see what 
extra effects occur. Given this, one will arrive at the formulae 



P x * « (i- ^6 2 )p x ^ - hhO^hx + k 2 y + k 3 z) 

(4.0.12) -hki9 2 (-^kik 2 xy - ^k x k 3 xz - ^k 2 k 3 yz) 

- nkl e^{-^k\x 2 - -k\y 2 - -k\z 2 ) 
\ 24 i 2 2 2 3 ; 

3 11 

-ihkxB 2 (-hx - -k 2 y- -^ksz)$f, 
o Z Z 

Py* « (1 - l^py* - Hk 2 9(h 2 y + k 3 z) 

(4.0.13) -hk 2 2 (-h 2 k 3 yz - ^-k\y 2 - h 3 z 2 ) 

3 1 

-ihk 2 6 2 (-k 2 y- -k 3 z)V, 



P z v « (i- l -e 2 )p^-\h6k 2 z 



(4.0.14) _ fiM 2 ( _JL fc 2 z 2 + z 3 fc3z) ^ 

Following the lead of [CJSS] we see that our momentum operators resemble the 
form 

(4.0.15) l\ .1., . 

Where A Xj arc components of the magnetic potential. Given this, we assume 
that our SNCS produces the effect of a magnetic field on our free particle. Our 
magnetic field (B = V x A) now appears as 

(4.0.16) B x = -K9k 2 k 3 + h9 2 k 2 (^k 2 k 3 y + fc 2 z) + ^ih9 2 k 2 k 3 , 

By = H9kik 3 — h8 2 ki(^kik 3 x + ^k 2 k 3 y + fc 2 z) — \ih9 2 k]k 3n 
B z = —h9kik 2 + h8 2 ki(^kik 2 x + ^k 2 k 3 z + k 2 y) + ^ih9 2 kik 2 . 
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A couple of interesting phenomena occur in this scenario. First, is that the first 
order effect matches exactly with that of [CJSS] and [DaP]. The second is that the 
new magnetic field is anisotropic. Since the noncommutative coordinate system 
'prefers' the X direction in some sense, it seems reasonable that at some point this 
property of the noncommutative coordinates would be felt by a particle. Third, is 
that an imaginary term shows up in our magnetic field. The physical interpretation 
of this may be given in several ways: 

(f) The imaginary part of Pxj may be pulled out as an imaginary potential 
term. This leads to a decay in probability amplitude. 

(2) The imaginary part of the magnetic field is exactly the first order effect 
with an extra factor of —i9/2. In this case we may write our magnetic field 
as 

Bi — h0€ijk(l — ^iO)kjkk + Other Second Order Effects 

Giving rise to the first order magnetic field picking up a phase factor an 
additional amplitude of I + — . 

(3) It is also possible that there is simply an imaginary component in the 
magnetic field. In Quantum Electrodynamics this can mean that there is 
a supcrluminous charge (or faster than light particle), but since we are 
working in the realm of nonrelativistic quantum mechanics this seems less 
reasonable. Therefore, in this case, the physical effect of the imaginary 
component is more mysterious. 

The main result is that the second order effect of a SNCS on a free particle is the 
appearance of an position dependent anisotropic field, versus the first order effect 
which is a simply a constant magnetic field. 
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